Uniform-load and actuator influence
functions of a thin or thick annular mirror:
application to active mirror support optimization
Luc Arnold

Explicit analytical expressions are derived for the elastic deformation of a thin or thick mirror of uniform
thickness and with a central hole. Thin-plate theory is used to derive the general influence function,
caused by uniform and@or discrete loads, for a mirror supported by discrete points. No symmetry
considerations of the locations of the points constrain the model. An estimate of the effect of the shear
forces is added to the previous pure bending model to take into account the effect of the mirror
thickness. Two particular cases of general influence are considered: the actuator influence function
and the uniform-load 1equivalent to gravity in the case of a thin mirror2 influence function for a ring
support of k discrete points with k-fold symmetry. The influence of the size of the support pads is
studied. A method for optimizing an active mirror cell is presented that couples the minimization of the
gravity influence function with the optimization of the combined actuator influence functions to fit
low-order aberrations. These low-spatial-frequency aberrations can be of elastic or optical origin. In
the latter case they are due, for example, to great residual polishing errors corresponding to the soft
polishing specifications relaxed for cost reductions. Results show that the correction range of the active
cell can thus be noticeably enlarged, compared with an active cell designed as a passive cell, i.e., by
minimizing only the deflection under gravitational loading. In the example treated here of the
European Southern Observatory’s New Technology Telescope I show that the active correction range can
be enlarged by ,50% in the case of third-order astigmatic correction.
Key words: Telescope mirrors, mirror deformations, elasticity, mirror supports, passive supports,
active optics, optimization. r 1996 Optical Society of America

1.

Introduction

The primary-mirror deformation of telescopes, because of gravitational or actuator loadings, is often
studied by computer-intensive finite element analysis 1FEA2. In some cases these deformations can
also be described in analytical form. This permits a
rapid estimate of mirror deformation, which is convenient for active or passive-support optimization iterative processes. The deformation under uniform loading, the so-called uniform-load influence function
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et Observatoire de la Côte d’Azur, 2130 route de l’Observatoire,
06460 Caussols, France. The author is now with the Laboratoire
d’Astrophysique Observationelle, Collège de France, Observatoire
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1ULIF2, of a circular thin mirror was studied by
Couder1 using the thin-plate bending theory.2,3 He
gave an analytical expression for the pure bending
deformation on a continuous ring support as well as
the well-known scaling law that relates deformation
to mirror diameter and thickness, either for continuous or discrete supports. Nelson et al.4 gave an
analytical form to the ULIF of a thin mirror without
a central hole and supported on a ring of k discrete
points of k-fold symmetry. The deformation under
uniform gravitational loading, the so-called gravity
influence function 1GIF2, and the ULIF are identical
when computed by the thin-plate theory. For a
thick mirror the ULIF and the GIF are slightly
different.5 Selke6 and Schwesinger7 gave exact expressions for the ULIF and the GIF, respectively.
However, they limited their studies to a continuous
ring support of negligible width. Schwesinger8 also
presented a method to extend the GIF to a ring of k
discrete points having k-fold symmetry. Wan et al.9
proposed a general analytical method, adapted from
Ref. 3, to estimate the extra deflection caused by
1 March 1996 @ Vol. 35, No. 7 @ APPLIED OPTICS
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shear forces directly from a thin-plate model.
Menikoff 10 derived from thin-plate theory the deformation from a concentrated force, the so-called actuator influence function 1AIF2. Several other solutions
for thin plates and different kinds of loading and
edge conditions can be found in Ref. 3.
In this paper I extend these previous studies by
giving explicit analytical expressions for the deflection of a thin or thick mirror of uniform thickness
with a central hole and supported by discrete points.
No symmetry consideration of the support topology
constrains the model. Uniform 1ULIF2 and discrete
1AIF2 loadings are considered in Section 3. The
series for estimating shear effects is also included.
In Section 4 two particular force distributions are
considered, the pure AIF and the ULIF derived for a
ring support of k points with k-fold symmetry. The
influence of the support pads’ size is discussed in
Section 5.
A mirror support, either passive or active, must
typically minimize the variance of the mirror’s residual deflection 1but the slopes are also relevant for
image degradation in the atmosphere,11 and so a
trade-off can be found2. As suggested by Ostroff 12
and Ray and Chung13 this is equivalent to minimizing the actuators’ input on high-order bending modes
that cannot be controlled efficiently by active support.
A method of optimization of an active primarymirror cell is proposed in Section 6. With the
method the GIF coupled with the optimization of
combinations of AIF’s fitting low-order aberrations,
such as astigmatism, is minimized. It is shown
that the correcting range of an active cell can thus be
noticeably enlarged if an approach specific to active
1as opposed to passive2 cells is used from the outset.

Fig. 1. Top view of a mirror with a central hole. In this
example, four discrete axial forces are applied to the mirror.
Three of them are arranged with threefold symmetry.

3.

General Form of the Influence Functions

A circular horizontal thin mirror with a central hole
is considered. It is in static equilibrium with force
P, resulting from uniform loading 1typically its
weight2, and a set of k concentrated forces 1Fig. 12,
each provided by a discrete support point on the rear
mirror’s surface. Each support j is characterized
by its forces fj and its polar coordinates bj and uj.
The origin of the coordinates is the mirror center.
The thin-plate bending theory3 leads to
D=21=2w2 5 q

from which deformation w, normal to the mirror’s
middle surface, must be derived. Load q is given by
2P

q1r, u2 5 q 5

p1a2 2 c22

k

2.

1

Notation

r, u, polar coordinates;
w, deflection;
ws, deflection caused by shear forces;
a, mirror’s outer radius;
b, support radius from the mirror center;
c, mirror’s inner radius 1central-hole radius2;
r0, normalized mirror inner radius 1r0 5 c@a2;
h, mirror thickness;
q, load per unit area applied to the mirror;
P, f, forces applied to the mirror;
E, Young’s modulus;
n, Poisson’s ratio;
D 5 Eh3@31211 2 n224 5 flexure rigidity;
G 5 E@3211 1 n24 5 shear rigidity;
=2 5 ≠2@≠r2 1 1@r1≠@≠r2 1 1@r21≠2@≠u22 5 Laplacian
operator.

112

fj

o b d1r 2 b 2d1u 2 u 2
j

j51
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122

or
q1r, u2 5 q 5

k

2P
2

2

p1a 2 c 2

1

fj

o 2pb
j51

j

`

o

3 d1r 2 bj2

exp3im1u 2 uj24,

132

m52`

where the Dirac function d1u 2 uj2 has been replaced
by its complex Fourier series. Here it is thus assumed that the diameter of the support pad is
negligible with respect to a. The static equilibrium
states that the sums of applied forces and moments
are zero, i.e.,
k

o f 2 P 5 0,

142

o f b exp1iu 2 5 0,

152

j

Figure 1 shows the mirror model according to this
notation. Note that P typically represents the mirror weight or the resultant force of uniform pressure
integrated over the mirror surface.

j

j

j51

k
j j

j51

j

respectively. The mirror is assumed to satisfy the
condition of the free-edge boundaries. Therefore
Mr1a2 5 Mr1c2 5 0,
1 ≠Mru1a2

Qr1a2 2

r

162

1 ≠Mru1c2

5 Qr1c2 2

≠u

r

≠u

lim
172

5 0,

where Mr is the radial bending moment, Qr is the
resultant radial force perpendicular to the mirror’s
middle surface, and Mru is the twisting moment.
The expressions for Mr, Qr, and Mru versus w can be
found in Ref. 3, 4, or 10. A classic method of solving
Eq. 112, with Eqs. 162 and 172, consists of seeking a
complex Fourier series of the form3,4,10

r=bj1

≠3wm
≠r3

2 lim

≠3wm
≠r3

r=bj2

5

fj
2pbj D

exp12imuj2.

1152

The general solutions of the homogeneous equation
associated with Eq. 1112 are3,10
m 5 0, w01r2 5 A01 B0r2 1 C0 ln1r2 1 D0r2 ln1r2,
1162
m 5 1,

w11r2 5 A1r 1 B1r3 1 C1@r 1 D1r ln1r2,

1172

m . 1, wm1r2 5 Amrm 1 Bmrm12 1 Cmr2m 1 Dmr2m12,

`

o

w1r, u2 5

and a fourth jump condition, caused by the jump in
the resultant radial force Qr,

wm1r2exp1imu2.

1182

182

m52`

Thus Eq. 112 becomes for the harmonic m 5 0

1

≠2
2

≠r

1

1 ≠

2

2

r ≠r

k

2P

w0 5

2

2

p1a 2 c 2D

1

fj

o 2pb D d1r 2 b 2.
j

j

j51

192
Because
k

o f 2 P 5 0,

142

j

j51

Eq. 192 can be written as

1

≠2

≠r2

1

1 ≠
r ≠r

2

k

2

o pD 3a

w0 5

fj

21

2

j51

2 c2

1

d1r 2 bj2
2bj

4

Dj A 5 lim A 2 lim A.
.

1102

In Eq. 1102 is described the deflection of a mirror
supported on k concentric rings of radii bj. The total
deflection w0 is similar to a superposition of k
deflections w0 j describing the shape of a mirror of
weight fj, which can be of opposite sign of gravity,
supported by ring bj. For m fi 0
m2 2
2
1
wm
≠r2 r ≠r
r2

1

≠2

1 ≠

2

fj

o 2pb D exp12imu 2d1r 2 b 2.
j

j

1112

j

j51

At r 5 bj deformation wm must satisfy the following
three continuity conditions:
1122

lim wm 5 lim wm,

r=bj1

r=bj2

≠wm

lim
r=bj1

≠r

5 lim
r=bj2

2

lim
r=bj1

r=bj1

r=bj2

≠ wm
2

≠r

≠wm

Dj B0 5

2qj
8pD

1ln bj 1 12.

The total deflection w is then obtained by adding to
w0 the real part wm$11r, u2 according to

1132

≠r

r=bj2

≠ wm
≠r2

,

3 D
2h G

=2w.

1212

The terms of the Fourier series for ws are thus
proportional to the Laplacian of w given by

2

5 lim

1202

where wm$11r2 is a complex function of Am$1, Bm$1,
Cm$1, Dm$1, and r.
Wan et al.9 have shown that the extra deflection
induced by the shear forces, neglected in the thinplate theory, can be directly estimated from the pure
bending model according to
ws 5 2

,

1192

Note the typographical errors in Ref. 10: For correct values the jumps in Eq. 1222 must be multiplied
by one-half and Eq. 1232 must be written as

wm$11r, u2 5 Re32 3 wm$11r2 3 exp im u4,

k

5

where A, B, C, and D are constants defined over the
annular surface of a mirror limited by rings r 5 bj
and bj11. The k supports form k 1 1 annular
surfaces, and, for a given value of m, 41k 1 12 constants A, B, C, D must be determined. They are
derived from the 4 3 k conditions at r 5 bj and the
four edge conditions at r 5 c and a. The zero-net
force and zero-net moment equations 3Eqs. 142 and 152,
respectively4 permit one to calculate forces fj. The
general solutions, given by Eqs. 1162–1182, inserted
into the continuity and jump equations, Eqs. 1122–
1152, respectively, give A, B, C, and D jumps, as noted
by Menikoff,10 Dj A, . . . , Dj D, with

1142

m 5 0, =2w01r2 5 45B0 1 D03ln1r2 1 146,
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Table 1.

Fig. 2. Estimated extra deflection caused by shear forces, as
computed for the ESO NTT 3.6-m primary mirror 1Table 12 on a
hypothetical six-point support with sixfold symmetry. This simple
support, instead of the real 78-point one, was chosen for clarity.

m 5 1,

=2w11r2 5 8B1r 1 2D1@r,

m . 1,

=2wm1r2 5 41m 1 12Bmrm 1 411 2 m2Dmr2m.

ESO NTT Primary Mirror and Supporta

Parameters

Values 1m2

Mirror outer radius a
Mirror inner radius c
Internal stop radius
Support radii
b1 18 pads, h1 5 0.101772
b2 116 pads, h2 5 0.204912
b3 124 pads, h3 5 0.314672
b4 130 pads, h4 5 0.378652
Pad radius
h
E
n

1.7900
0.2826
0.5593
0.4544
0.8309
1.2263
1.6298
0.025
0.241
9.1 3 1010 Pa
0.245

aData are from the current design. The support radii have
been optimized for the entire mirror surface, from the inner hole
to the outer edge. The variable hi represents a fraction of weight
supported by ring i of radius bi. Adapted from Ref. 7.

1232

1242
When ws is added to w, the general influence function of a thick mirror with a central hole is fully
characterized. Nevertheless ws, as calculated with
Eq. 1212 with either the series giving w derived by
Nelson et al.4 or the series given in Section 4, shows a
small artifact between the support points along
radius b. Note that the artifact is also visible in
Figs. 5 and 6 of Wan et al.9 This is probably due to
the approximation used in Wan’s method. Figures
2 and 3 show the artifact when shear effects are

computed for the primary mirror of the 3.6-m New
Technology Telescope 1NTT2 of the European Southern Observatory 1ESO2 1Table 12. The artifact is
visible along the supporting radius at b 5 1.2 m.
The apparent slope discontinuity at the support
radius is typical of elastic deformation including
shear effects5–7: ws gives the average deflection
across the thickness. But exact three-dimensional
calculations7 show that shear effects are dispersed
across the thickness from the support to the optical
surface. The surface is thus smoothed and has a
smaller rms error.

Fig. 3. Radial shear deflections, equally angularly spaced, for azimuth on the mirror going from a radius with a supporting point to a
radius between two supporting points. The artifact along the supporting radius 11.2 m2 is visible. The same six-point support as in Fig.
2 is shown.
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4.

Particular Forms of the Influence Functions

A.

Pure Concentrated Forces

This case corresponds to P 5 0. Equation 192, which
describes the deformation for m 5 0, then becomes

1

≠2

1 ≠

2

k

2

1
w0 5
≠r2 r ≠r

fj

o 2pb D d1r 2 b 2
j

1252

j

j51

gives
and is similar to Eq. 1112 for m fi 0.
a method for building up coefficients A, B, C, and D.
Because of the central hole, the expressions for
constants B0, C0, B1, and C1 at the outer edge are
Menikoff 10

B0 5 a0

c2

,

1262

c2 2 a2
11n

c2a2

11 2 n2 c 2 a ,

C0 5 2a0

2

1272

2

the actuators, are very small. In the case of a
1adaptive2 mirror on the hard 1piezoelectric2 actuators, this is no longer true and all the actuators
become coupled. Menikoff 10 described a method
adapted to this kind of active mirror.
B.

Pure Uniform Loading

We now consider a circular horizontal thin mirror
with a central hole, under uniform loading and
supported by a concentric ring of k discrete supports,
with k-fold symmetry. Each support applies the
same force, P@k, on the mirror rear surface. Load q
is now given by
q5

2P
2

2

p1a 2 c 2

k

b

j51

k

a0 5

oDB
j

0

2

j51

B1 5 a1

c4

1 12n

1

2c2 11 n

j

0

k

31n

o

1

du2

j51

c4a4

11 2 n2 c 2 a ,
4

1302

4

2 jp

k

k

o
j51

Dj B1 1

1 12n

1

k

2o

c4 3 1 n

Dj C1.

1312

j51

Because A0, D0, A1, and D1 cancel at the mirror’s
outer edge, the eight coefficients for m 5 0 and m 5 1
can be built up from the outer to the inner edges.
For m . 1 the two boundary conditions at the inner
edge must be transferred to the outer edge by jumps.
Associated with the boundary conditions at the outer
edge, a set of four equations to be solved for Am, Bm,
Cm, and Dm at r 5 a is provided.
A word is necessary concerning calculation of a
new set of k forces fj after a given change in one force
fi on one actuator. If k . 4, the problem of mirror
equilibrium becomes hyperstatic. The active mirror can be considered as a rigid body reacting on
three hard points of the support and then deformed
by a set of soft actuators, i.e., modeled by a soft
spring, also fixed to the support. This is the general
case for a large active primary mirror supported by a
stiff structure, so the actuators are not coupled:
If force fi on actuator i changes, only the reaction
forces on the hard points change. Forces do not
change over the other actuators, because the axial
mirror displacements over the soft springs, modeling

1322

2

`

2

o

2 u0 5

k

2p o e
1

j51

a1 5

2

2 u0 ,

cm exp1ikmu2

1332

m52`

with
cm 5

with

k

can be written as a complex Fourier series:

1292

c4 2 a4

C1 5 2a1

1282

2 jp

2 u0

k

j51

j51

,

2 jp

o d1 u 2

k

2oDC ,

o d1 u 2

where u0 is the azimuth of the supports with respect
to the origin axis. The term

with
k

k

P d1r 2 b2

1

5

k
2p

2p

1

du2

0

2 jp
k

2

2 u0 exp12ikmu2du

exp12ikmu02.

1342

Therefore the load can be rewritten
q5

2P
2

2

p1a 2 c 2

1

Pd1r 2 b2
2pb

1

Pd1r 2 b2
pb

`

3

o cos3km1u 2 u 24,
0

1352

m51

where the deflection written as
`

w 5 w0 1

ow

m

cos3km1u 2 u024

1362

m51

is assumed. The first two terms in Eq. 1352 represent the load of a mirror supported by a continuous
ring of radius b. The exact expressions of the
associated ULIF or GIF w0 can be computed from
Ref. 6 or 7, respectively. Let us now consider the
third term in Eq. 1352 for which m $ 1. Because n 5
km . 1, deflection wm is given by
wm 5 Amrn 1 Bmrn12 1 Cmr2n 1 Dm2n12.
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The ring of supports divides the mirror into two
annular surfaces. Eight constants must be determined: Am8, . . . , Dm8 for the inner annular surface
and Am, . . . , Dm for the outer annular surface.
These constants are derived from a set of eight linear
equations: Eqs. 162 and 172 for r 5 a and r 5 c and
Eqs. 1122–1152. The expressions are
2b2n

Am 2 Am8 5 a 5

b2n22

Bm 2 Bm8 5 b 5

n1n1 12

1382

Q,

1392

Q,

1402

2bn

Cm 2 Cm8 5 g 5

Dm 2 Dm8 5 d 5

Q,

n1n 2 12

n1n 1 12
bn22
n1n2 12

Deflection w 3Eq. 13624 is now described fully. Note
that when b 5 0 the expressions for a, b, g, and d are
undefined as is the solution for w. But the limit
w1b = 012 smoothly converges toward the deflection
of a plate supported by a central point 1or a plate
hanging at a wire attached at its center2. Constants
Cm8 and Dm8 cancel for c 5 0, and the inner annular
surface is therefore determined completely by Am8
and Bm8, as in Ref. 4. When the series is programmed on a computer, it has been observed that
the calculation of Am by the direct addition of the
numerical values of Am8 and a in Eq. 1382 makes the
series diverge because of the round-off errors for n .
,30, even in double precision, except in the case of a
large 1and thus unusual2 central hole. The series
also diverges when Bm is obtained with Bm 5 Bm8 1 b
3Eq. 13924. To avoid numerical instabilities, the use
of expressions for Am and Bm versus a, b, g, d derived
from Eqs. 1382–1492 is recommended, i.e.,

1412

Q,

Am 3 da 5 anc2n3µ1r022 2 12 2 13 1 n221r02n 2 124

where

1 bµ1n 1 12c2n1211 2 r0222
Q5

Pb2

2 g13 1 n211 2 n2n1n 1 1211 2 r02n2

1422

8pD

2 dµ

and

Am8 5

Bm8 5

Cm8 5

12n

l13 1 n21n 2 12n1n 1 1211 2 r02n2 2 µk11 2 r02n122a2

11 2 r02n122a2,

,

1n 2 123l13 1 n2n11 2 r02n222a22 2 k1n 2 121n 2 1211 2 r02n24

,

a2n313 1 n2211 2 r02n22 2µ1r0n21 2 r0n11224
1n 2 121n 2 12
31n
12n
31n

c2nAm8 1

c2n22Am8 1

µ
n13 1 n21n 2 12

11 2 n21n 1 12
31n

c2n12Bm8,

c2nBm8,

1452
1462

31n
12n

d 2 na2n22a 2 1n 1 12a2nb,

1472

da 5 na2n3213 1 n2211 2 r02n22
1 µ1r0n21 2 r0n11224,

1n 2 1211 2 n2
31n

a2na 1

µ
13 1 n211 2 n2n

a2n12b 1 g,
1482

1512

Bm 3 db 5 an11 2 n221n 2 12c2n2211 2 r0222
1 bc2n3µ11 2 r022 1 13 1 n221r02n 2 124
2 g13 1 n211 2 n2n11 2 r02n222a22

and finally
µ 5 n211 2 n22 1 811 1 n2.

1100

1442

where

where

l5

1502

1432

na2n3213 1 n2211 2 r02n22 1 µ1r0n21 2 r0n11224

Dm8 5 n

k5

31n

1492
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2 d11 2 n213 1 n21n 2 1211 2 r02n2,

1522

where
da

db 5 2
5.

.

1532

n

Support Pads of Finite Size

As pointed out in Section 3, and assumed in Section
4, the size of the support pads was neglected in the
expression of q 3Eq. 122, 132, or 13224. This leads to a
value for the deformation that is too large: A finite
pad spreads the load under the mirror and smooths
the shape of the optical surface. Most of the time
the support pads are circular, but here, for mathematical convenience, and probably without changing the final result significantly, the pads considered
are almost squares of dimension dp and defined by
the product

3

P

1r 2 bj2

b1u 2 uj2

dp

dp

4 3 P3

4,

in Sections 3 and 4 for the Dirac function d1u 2 uj2
is now multiplied by the function sinc1x2 5 sin1px2@px.
Thus a good estimation of wm is obtained simply by
multiplying the wm expressions from Sections 3 and
4 by sinc1mdp@2pbj2. The effect of pads of finite size
is illustrated in Fig. 4 showing the radial deformation of the ESO NTT primary mirror along a radius
with four actuators, each with a square pad of
50 mm 3 50 mm. The peak-to-valley 1ptv2 surface
error is noticeably reduced in the vicinity of the pads,
but the rms remains almost the same.
6. Application to the Optimization of Active Mirror
Supports
A.

Overview

Optimizing a mirror support classically consists of
minimizing the variance wrms2 of the deflection w
caused by gravitational loading:

1542
wrms2 5

ee
ee 3o

1w 1 p022dS

pupil

where

I

P3x4 5 1,

P3x4 5 0, x $ 0.5. 1552

x , 0.5,

Therefore the general expression of the load q can be
written as
q5

k

2P
2

2

p1a 2 c 2

1

fj

od
j51

3

P
2

p

1r 2 bj2

b1u 2 uj2

4 3

dp

3P

dp

4
1562

or
q5

k

2P
2

2

p1a 2 c 2

1

`

3

o

m52`

sinc

fj

o 2pb d
j

j51

P
p

1r 2 bj2

3

dp

mdp

12pb 2exp3im1u2 u 24
j

4
1572

j

if P3b1u 2 uj2@dp4 is replaced by its Fourier series.
The deflection associated with the harmonic m 5 0
corresponds to the case of a continuous ring of width
dp. This deflection can easily be calculated by the
solutions in Ref. 6 or 7 and by applying SaintVenant’s principle,2 which states that if a system of
forces acting on a small portion of the surface of an
elastic body is replaced by a statically equivalent
system of forces acting on the same portion of
surface, the variation in the displacements in parts
of the body that are at great distance compared with
the linear dimensions of the surface on which the
forces are changed are negligible. Therefore the
superposition of deflections calculated from Ref. 6 or
7 for different equidistant rings between bj 2 dp@2
and bj 1 dp@2, with each carrying a fraction of the
weight proportionally to its radius, gives an accurate
estimation of the deflection for m 5 0. For harmonic m . 0 the uniform Fourier spectrum obtained

5

pupil i51

4

2

hiwi 1 p0 dS

1582

4

1592

or
I

wrms2 5

ee 3o
pupil i51

2

hiwi 1 p0 1 p2r2 dS,

where d S 5 rdrdu is the pupil’s infinitesimal surface
element where r is the normalized radius r@a and u is
the azimuth over the pupil. Deflection w is the
superposition of deflections wi, where hi represents a
fraction of the load supported by a set of points i.
This type of optimization has been done before, for
example, for the ESO NTT 3.6-m telescope. Note
that the rms of the slopes 1=w2rms is also relevant for
the image degradation in the atmosphere,11 so a
trade-off between the minimization of wrms2 and
1=w2rms2 could be found. In such a calculation one
should consider simply the minimization of the
image size.
Term p0 is a piston term. Eq. 1592 applies only if a
small parabolic deformation p2r2 is tolerated on the
mirror. Note that this deformation decreases slowly
when the telescope moves from zenith to horizon,
thus producing a small change in focal length.
Several sets of support topologies are discussed in
Refs. 4 and 14. Although the idea of servoing
telescope collimation, focusing, or even mirror deformation corrections appeared in the 1960’s,15 the
active-optics concept was finally developed in the
1980’s by Wilson and co-workers16–19 at ESO. The
ESO NTT is the first large telescope implementing
this technique. Nevertheless its 3.6-m mirror support topology was calculated according to Eq. 1582 to
minimize the rms of the GIF, as would have been
done for a passive support.
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Fig. 4. Deformation of the ESO NTT primary mirror along a radius with four supports. The dashed curve represents the deformation
for supports of neglected size. The surface error is 81 nm ptv and 8.8 nm rms. The solid curve represents the deformation for roughly
square supports of 50 mm 3 50 mm. The surface error is reduced to 56 nm ptv but is still 8.3 nm rms. In the two cases the calculation
takes into account an estimation of the noticeable effect of shear forces because of the 241-mm thickness.

I now show that the active-support correction
range can be enlarged by taking into account not
only the minimization of the GIF but also the
optimization of the correction of low-order aberrations, such as third-order astigmatism. These aberrations typically come from polishing errors in the
case of relaxed polishing specifications, collimation
failures, telescope flexures, support failures, thermal gradients, or wind buffeting.
The larger the correction range, the more the
polishing specifications can be relaxed for low-spatialfrequency errors, thus leading to additional cost
reduction.
A change in the mirror shape may also be required
when one switches from the Cassegrain to the Nasmyth configuration,20 demanding adequate performance from the actuators and thus a particular
arrangement of the actuators in the active mirror
cell.
B.

Optimization Method

If the optimization of the AIF to fit a given set of
modes, i.e., low-order aberrations, is integrated into
the active-mirror support calculation, the variance
wrms2 for minimizing can be written
I

wrms2 5

ee 3o

J#I

hiwi 1 p091 p29r2 1

pupil i51

o 1o F w
j

m, j

n,m j$1

24

2

2 anmZnm 1 p0nm9 1 p2nm9r2 dS.

3

fjs 5 cos 2pm
1602

Terms p29 or p2nm9 are zero if no parabolic deforma1102

tion is tolerated on the mirror. The sum over n and
m represents the set of aberrations 1modes2 to be
fitted. The maximum number of controllable orthogonal modes that can be considered in the optimization is fixed by support topology: Assuming that
the actuators are on a set of I different rings, the
maximum number of controllable radial orthogonal
modes is I for cases in which m . 1 and I 2 1 for
cases m 5 0, m 5 1.
Aberrations are described in Eq. 1602 over the
Zernike modes Znm,21–24 weighted by their amplitude
anm.
Noethe25 showed that aberrations from the optical
origin 1polishing errors or collimation2 are better
described by the Zernike modes and that the aberrations of elastic origin are better described by the
minimum energy modes. In the case of wave-front
distortions induced by atmospheric turbulence,
Karhunen–Loève modes should be used.26 Other
aberration expansions are yet to be considered.16,27
It is also important that the wave-front sensor be
optimized for the detection of each mode.
The wm, j term is a mirror deformation with m-fold
symmetry, as is Znm, obtained by a cosinusoidal
distribution of forces fjs on ring j. Force fjs on the
sth actuator from ring j is

APPLIED OPTICS @ Vol. 35, No. 7 @ 1 March 1996
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S
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1 uj ,
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where s 5 1, . . . , S and uj represents a reference
azimuth on the mirror. The cosinusoidal distribu-

tion of forces is convenient because it involves only
one free parameter per ring of actuators, namely, Fj.
But it is clear that forces fjs could be computed
separately, leading to a greater number of free
parameters, which is nevertheless constrained by
the azimuthal symmetry m of the desired deformation. This would be lengthy to compute for probably
only a small improvement in the fitting. If wm, j
contains no piston term, p0nm can be set to zero. If
wi and wm, j do not have the same rotational symmetry, they are orthogonal functions and the variance
becomes, when the coefficients of the parabolic deformation are renamed,
2
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ee
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which can be rewritten by again renaming the
coefficients of the parabolic deformation:
I
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1632

Minimizing wrms2 is a delicate task, because it
involves minimization in a space of dimension I,
which can be noticeably larger than I 5 1. A
downhill simplex algorithm is used to find the best
support topology 1radii bi and azimuth ui2 coupled
with a least-squares method7,14,28 to calculate hi and
Fj for each set of positions chosen by the simplex.
These topologies are verified by simulated annealing
with a slow temperature decrease.14,28 Note that
even with slow annealing, one cannot be sure to have
found the global minimum and the best support
topology. In any case the local minima values are
close to the global minimum one, assuming that it
has been found. The support topology has been
sought for a mirror-surface sampling of 19,872 points
1288 3 69, for the angular and radial directions,
respectively2. The Fourier series was truncated after 16 terms for the GIF and 11 for the AIF. These
truncations do not affect the computed rms deformation by more than ,0.1% and permit computing time
to be saved.
C.

Results and Discussion

To illustrate the method, we consider the case of the
ESO NTT 1Table 12 and the correction of pure thirdorder astigmatism of optical origin. Third-order
astigmatism, Zernike mode Z22, would have been
induced on the mirror if polishing specifications had

been relaxed. Here we assume the presence of Z22,
which also represents the main contribution to the
wave-front error of common mirror deformations.
This mode is defined here by
Z22 5 r2 cos12u 1 u222.

1642

The azimuthal origin u22 is chosen to equal zero.
Terms p2, p0,nm, and p0nm in Eq. 1632 are at zero. A
correction based on the two external rings of actuators is assumed, as proposed by Schwesinger.7
Schwesinger also determined that the deformation
of the optical surface had to be reduced by a factor of
,1.90, because the shear effects computed with the
GIF give the average deformation across the thickness and do not take into account the spreading of
the shear effects from supports to optical surface.
With this assumption, and by taking into account the
finite size of the support pads, a wave-front error
over the entire mirror surface of 58 nm ptv and 9 nm
rms is found for the current NTT support and an
aberration-free mirror, when the ULIF is used with
the shear effect included. This is in good agreement
with FEA calculations7 of 56 nm ptv, which shows
that the ULIF can be used as a good approximation
of the GIF. Only a small parabolic deformation w is
observed 3w , 2321r@a22 nm on the glass4 when the
four-continuous-ring configuration minimizing the
GIF is used to compute the ULIF. One can easily
balance this deformation by readjusting the weight
carried by each ring of support. Further verification of the ULIF has been made by setting c 5 0.
The series from Subsection 4.B., computed for a thin
mirror, thus becomes equivalent to that of Nelson et
al.4 Truncating these two series after an equal
number of terms gives exactly the same results,
which confirms the correctness of the ULIF given in
Subsection 4.B. To verify the AIF of Subsection
4.A., the forces needed to produce pure astigmatism
on the primary were calibrated; the ULIF was
neglected for this calculation. Force values are 4%
larger than those computed by Schwesinger. The
difference is probably a result of this author using a
more exact theory than Wan’s approximation for the
computation of the shear effects. The mean rms
residual errors represent 60.4% of the target deformation, as found by Schwesinger.
The numerical results of the minimization of wrms2
are in Figs. 5–7. Figure 5 shows the computed
decrease d of the residual error after correction by
the actuators of a given amount a22 for which active
support has been optimized with respect to a residual error obtained with the current support:
The decrease is ,35% for an initial astigmatic
amplitude error of a22 5 5l 5 2800 nm. The
corresponding multiplicative factor MF of the current correction range can be written as
MF 5

1

,

12d

1 March 1996 @ Vol. 35, No. 7 @ APPLIED OPTICS

1652
1103

Fig. 5. NTT primary-mirror active support: computed decrease
d of the residual wave-front error obtained with optimized active
supports with respect to the residual wave-front error obtained by
the current ESO NTT active support. The topologies are optimized only over the clear aperture, from the internal stop to the
outer edge. The improvement in the wave front is calculated
with respect to the performances measured over the same clear
aperture for the current support.

and its value is ,1.5 for the support optimized for
a22 5 5l 5 2800 nm 1Fig. 62.
Figures 7A and 7C show the very similar wavefront errors of the aberration-free mirror supported
by the two optimized supports. Figure 7B shows
that the maximum error, after the astigmatism is
corrected, occurs currently at the mirror edge: Highorder bending modes of azimuthal symmetry, m 5 2,
are excited by the actuators. They can be practically balanced by an adequate support topology 1Fig.
7C2. Optimization has been performed to a22 5 7l 5
3920 nm, but for this value calculations showed that
the external supports had to be placed exactly at the
mirror edge, which is not reasonable from a mechanical point of view. Thus it was assumed that a22 5
5l 5 2800 nm was the maximum value for which the

support could be optimized. The final results are in
Table 2. It can be seen that the support radii are all
larger for the topology optimized for a22 5 5l 5 2800
nm than for the classic support because the actuators must be placed at the mirror’s edge to produce
the best radial bending moment and thus the best
parabolic meridian for astigmatism. A result of this
displacement is that the passive weight carried by
the third ring becomes higher for the topology optimized for a22 5 5l 5 2800 nm than for classic support,
which requires a rigid mirror cell because the third ring
carries ,38% of the mirror weight. On the other
hand, the calibrated forces Fj become smaller.
To test the robustness of the method, I studied the
modification of the correction capability of the thirdorder spherical aberration, proportional to r4 1an
approximate Zernike Z402, for supports designed for
an optimal Z22 correction. Results are encouraging
because improvement for Z40 is of the same order as
for Z22 1nf , 1.7).
Nevertheless, if Z40 compensation can tolerate a
extra defocusing, better results are obtained for the
topology optimized with a22 5 0l: If defocusing is
tolerated, the generated deformation is close to the
first elastic mode with m 5 0 where the curvature at
the outer edge is close to zero.29 This deformation is
then better balanced if the outer ring of support is
farther from the outer edge. Note that the correction is excellent for the two topologies tolerating
defocus and optimized with a22 5 0l and a22 5 5l,
and the wave-front residual rms error is less than
0.63% of the target deformation. Table 2 shows
wave-front errors after active correction of thirdorder spherical aberration, lr4 5 560 r4 nm, on the
glass for two methods of spherical aberration compensation. The first method does not tolerate extra defocusing; the second one does. The value of parameter p2
3Eq. 16024 is then approximately 22.5 µm, leading to a
variation dF in the primary-mirror focal length F:
dF 5 16

Fig. 6. NTT primary-mirror active support: expected multiplicative factor MF applied to the correction range from the current
ESO NTT active support for the case of astigmatic correction.
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Finally, note that the results are even better if the
ULIF is noticeably smaller than the residual errors
of an active correction. If the ULIF is neglected,
only the fit of the polynomials Znm by the combined
AIF’s is optimized. This is the case in the design of
a small, lightweight adaptive mirror, for which gravity effects are negligible and for which the actuators’
locations must be especially optimized to allow the
best correction of the input distorted wave front.
It can be shown that for atmospheric distortion
correction, Karhunen–Loève functions are more efficient than Zernike modes.26,30 Each mode is then
weighted by anm computed from the parameter of
atmospheric turbulence31 2a@r0. The optimization
procedure should also take into account the actual
size of the actuators to avoid their overlap when a
circumferential radial bending moment is needed.

A

C

B
D
Fig. 7. Three-dimensional views of the mirror deflection: A, deflection calculated for the current support design, representing the pure
ULIF for an aberration-free mirror. B, deflection calculated for the same support as A, representing the mirror after the active supports
have compensated for pure third-order astigmatism, 5lr2 cos12u2 5 2800r2 cos12u2 nm, on the glass. It can be seen that high-order
bending modes of azimuthal symmetry, m 5 2, are excited by the actuators. C, deflection calculated for an optimized active support
design, representing the pure ULIF for an aberration-free mirror. The mirror support was calculated so that a large amount of pure
third-order astigmatism, 5lr2 cos12u2 5 2800r2 cos12u2 nm, on the glass could be corrected. D, deflection calculated for the same
optimized support as for C, representing the mirror after the active supports have compensated the pure third-order astigmatism
integrated in the active support optimization. High-order bending modes are now practically absent. Note that the effects of the small
bumps on the inner supports are not visible because they are in the shadow of the aperture stop. Peak-to-valley and rms errors for each
figure are in Table 2.

Table 2.

NTT Primary Support:

Content
Ring i 5
1 1inner2
2
3
4 1outer2
Wave-front errors
For anm 5 0
After correction of a22 5 5l 5 2800 nm
After correction of a22 5 7l 5 3920 nm
After correction of a40 5 l 5 560 nm and
GIF neglected:
With Z20 not tolerated
With Z20 tolerated
If Z20 is tolerated 3Eq. 16024
Forces for a22 5 l 5 560 nm

Topologies for an Optimized Active Support Designa

Topology Optimized for a22 5 0l

Topology Optimized for a22 5 5l 5 2800 nm

bi1m2,
hi
0.4997, 0.13439
0.8959, 0.20498
1.2576, 0.29508
1.6371, 0.36555

bi1m2,
hi
0.5219, 0.15317
0.9668, 0.25701
1.3818, 0.37671
1.7453, 0.21312

53 nm ptv, 8 nm rms
174 nm ptv, 21 nm rms
240 nm ptv, 28 nm rms

66 nm ptv, 10 nm rms
126 nm ptv, 15 nm rms
159 nm ptv, 19 nm rms

99 nm ptv, 21 nm rms
11 nm ptv, 1.5 nm rms
p222 5 22416 nm
F3 5 248.83 N, F4 5 49.60 N

60 nm ptv, 12 nm rms
21 nm ptv, 3.5 nm rms
p222 5 23231 nm
F3 5 244.12 N, F4 5 46.22 N

aThe optimization considers only the clear aperture, from internal stop to outer edge, and not the whole mirror surface, from inner hole
to outer edge. Thus the topology for a22 5 0 is different and slightly better than that in Ref. 7. The amplitude a22 is defined with respect
to astigmatism a22r2 cos12u2 on the glass. The variable hi represents the fraction of weight supported by the ring i of radius bi. The
robustness of the proposed topologies has been tested by simulated annealing for the mirror surface sampling cited in the text.
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7.

Conclusion

The numerical results derived from the ULIF and
AIF Fourier series for a mirror with a central hole
and uniform thickness are in good agreement with
the previously published FEA results carried out for
the ESO NTT.7 Therefore we can use the results in
Sections 3 and 4 for designing either passive or
active mirror supports, following the method described in Section 6. It was shown that large active
mirror supports should be designed not only by
minimizing the rms of the ULIF or the GIF, as is
commonly done, but also by optimizing combinations
of AIF’s to fit common mirror aberrations. This
allows a relaxation of soft polishing specifications for
cost reduction. In the example studied here, it is
shown that the residual errors can be reduced,
leading to expected improvements in the correction
range by a multiplicative factor to ,1.5.
Finally, the following design of an active support is
recommended: According to the total number of
actuators and their location under the mirror, a
maximum number of controllable orthogonal modes
is defined. Large polishing errors of low spatial
frequency should be introduced into this set of
modes. The actuator locations and forces are then
adjusted to minimize both the variance of the deflection from modes excited by gravitational loading and
the variance of the high-spatial-frequency residual errors after the correction of each mode, i.e., the highorder modes excited by the actuators after a correction.
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