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Abstract. This paper is devoted to the understanding of the
\missing temperature\, called microturbulence by the astro-
physicists, which appears when we want to modelling the width
of stellar line pro�les. In the framework of the two limiting
turbulent regimes called \incompressible" and \pressure re-
leased", and expecting that the dissipation is negligible (\rapid
distortion" or RDT case), it is shown that the turbulence am-
pli�cation in the atmosphere of a radially pulsating star is not
only due to the global compression of the atmosphere during
the pulsation. Strong shock waves propagating from the deep
atmosphere to the very low density layers also play a role in
the turbulence variation, especially when they become very
strong i.e., hypersonic. The predicted turbulence ampli�cation
induced by the global atmospheric compression is well consis-
tent with the solenodial RDT. For shocks, the predicted turbu-
lence ampli�cation in the \pressure released" regime is overes-
timated with respect to stellar observations when the compres-
sion rate becomes larger than 2 which corresponds to a limit
Mach number near 2. Thus, when radiative e�ects take place,
the present turbulence ampli�cation theory breaks down. A
new approach is required.

Key words: stars: variables: Cepheids { line: pro�les { tur-
bulence { shock waves { stars: individual: � Cephei

1. Introduction

In all stars, the atmospheric gas is characterized by a \turbu-
lent velocity" Vturb. This parameter has been introduced by
astronomers to interpret the saturation portion of the curve

of growth but there is no experimental or theoretical justi�ca-
tion for its physical existence. What is the physical meaning
of Vturb? In fact this velocity characterizes a di�erence be-
tween observed and theoretical atmospheric parameters a�ect-
ing the FWHM of an absorption spectral line. Because there
are many other line broadening factors such as errors in oscilla-
tor strengths, magnetic �elds, non-LTE e�ects, etc. which are

not always taken into account in atmospheric models, there is
no direct evidence that this \di�erence" would be only due to

a turbulence. Nevertheless because a "sonic noise" induced by

the subphostospheric convection is often present in the atmo-
sphere, we expect that a turbulence �eld is present in stellar
atmospheres. We estimate that Vturb only represents the up-
per limit of the true atmospheric turbulence which can be quite
smaller than Vturb depending of the hydrodynamical phenom-
ena occurring in the atmosphere.

Contrary to normal stars (i.e., stars with constant lumi-
nosity), the turbulent velocity of variable stars varies with the
pulsation phase. For instance �Cephei, a quite regular radi-
ally pulsating star (period of 5.4 days) discovered in 1784 by
Goodricke, has one of the best determined turbulent veloc-
ity. Mel'nikov (1950) and later van Paradijs (1971) estimated
its variation using the method of curve of growth. It appears
that Vturb presents a large peak around phase 0.8 i.e., at the
minimum radius. The use of a set of static atmospheric mod-
els does not correctly take into account the large amplitude
atmospheric �elds and especially those induced by the prop-
agation of strong shock waves. This can in part explain the
smooth shape of the published Vturb-curves. As reviewed by
Fokin, Gillet and Breitfellner (1996; hereafter FGB), a few the-
oretical works were devoted to the calculation of such as curve.
The most recent methods are based on a pulsating atmospheric
model. They deduce Vturb from a comparison between theoret-
ical and observational FWHM of a large set of metallic lines

(Benz and Mayor 1982, Kov�acs and Buchler 1990) or with a
single metallic line (Breitfellner and Gillet 1993, Sti� and Gillet
1994, FGB). In this last work, it emerges that velocity gradi-
ents play a major role in the broadening of metallic lines. This
e�et was already put into evidence in the atmosphere of non
pulsating stars of spectral types O to late F in which high mass
loss produces a velocity gradient in the photosphere (Kudritzki

1992, Lamers and Achmad 1994). Thus only the FGB's work
provides a realistic variation of Vturb vs. pulsation phase. Un-

fortunately, the time resolution of the used observations was
not large enough to give a well de�nite Vturb-curve. Only the
large turbulent peak at phase 0.8 was determined with more
precision.

Recently, Gillet et al. (1997) obtained 288 high resolution
spectroscopic pro�les of the unblended Fe I 5576.0883�A ab-
sorption line of �Cephei. Their observations are elapsed over
three consecutive years. They determine a practically continu-
ous FWHM curve vs. the pulsation phase. Using the FWHM
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as the relevant parameter, they compute a high time resolu-
tion turbulence curve. Their result shows that there are two
di�erent sources of turbulence variation. The �rst one is prob-
ably due to the global compression/dilatation of the atmo-
sphere during the pulsation. The second phenomenon is cer-
tainly the consequence of the passage of a few compressive and
shock waves in the atmosphere. The �rst e�ect remains the
main source of the turbulence variation while shocks and the
strongest compression waves provoke a few secondary turbu-
lence peaks during the pulsational cycle. Their intensity seems
connected to the wave amplitude.

What is the physical origin of the variation of Vturb in pul-
sating stars? For the sun, in spite of an appreciable convec-
tion �eld occurring in its atmosphere, Vturb ' 2:3 km/s re-
mains constant with time (Takeda 1995). For pulsating stars,
it seems natural to expect that the variation of Vturb would
be mainly due to pulsations of the atmosphere. Indeed they
induce large changes of volume (or density) between the mini-
mum and maximum values of the stellar radius R. Breitfellner
and Gillet (1993) obtained �R=R ' 0:13 for some Fe I lines
i.e., for a region located just above the photosphere. Moreover,
because a few strong shock waves (see FGB) are generated dur-
ing the pulsation cycle, they provoke during their propagation
local but large density increases in most atmospheric layers.
Thus, as already suggested by FGB, two turbulence ampli�-
cation mechanisms can be expected. The �rst one would be
the simple consequence of the global density variation of the
atmosphere caused by the pulsation and the second would be
due to strong local density increases induced by radiative shock
waves. The aim of this paper is to quantitatively con�rm these
physical mechanisms.

In Section 2 we briey present the non-linear non-adiabatic
model used to describe the pulsation of the atmosphere of
the variable star �Cephei. Turbulence models are discussed
in Sect. 3. Results are analysed in Sect. 4 and the special case
of very strong shocks is examined in Sect. 5. Finally some com-
ments and concluding remarks are given in Sect. 6.

2. Non-linear non-adiabatic pulsational model

2.1. Three main shock waves

A non-linear non-adiabatic pulsational model (model A or
DC10) of the classical Cepheid star �Cephei has already been
discussed by FGB. It is characterized by an extended atmo-
sphere, and the parameters of this model are Te� = 6056K,
L = 3100 L�, M = 7:0M�, X = 0:7 and Y = 0:28. The total
mass zone number is 100, the outmost mass zone is labeled 100.

Figure 1 shows the theoretical velocity and density variations
vs. the pulsational phase for di�erent mass zones. The most

striking feature is the appearence of a few waves and shock
waves per cycle. Three main shocks, s1 (phase 0.72 at the mass
zone 80), s2 (0.92) and s3 (0.50) and a series of faint waves that
we call \buzz waves" occur just above the photosphere in the
phase interval 0{0.4, are well visible (see also Fig. 3 of FGB).
The exact phase of the appearance of a shock is model depen-
dent.Thus sometimes an appreciable phase shift (near 10%)
can be noticed between the observations and the model. The
main shocks provoke appreciable local compressions because
they are radiative which at the limit of an isothermal shock
gives a compression ratio � = M2, where M is the upstream
Mach number. In the case of our model of �Cephei, eta reaches
28 in the shock s1 at the layer 96, while it is small (� = 3:5) at

Fig. 1. Theoretical velocity (top) and density (bottom) variations
with phase for di�erent mass zones traced over two pulsation cycles
of the classical Cepheid model �Cephei. The maximum and min-
imum radii occur about at phases 0.37 and 0.85 respectively (see
FGB). Note that an arbitrary shift has been done between each mass
zone to help the visibility. This explains the absence of velocity and
density scales
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the layer 80 and very small (� = 1:5) at the photospheric level
(around layer 74). The compression ratio � for s2 is 6.3, 8 and
13 for layers 74, 80 and 96 respectively and it remains always
small (1.6, 2.7 and 4.0 respectively) for s3. This shows that the
shock intensity is strongly dependent on the shock altitude.
Thus hypersonic shocks (M > 5) i.e., shocks which can excite
degrees of freedoom of atoms and molecules, only exist in the
highest part of the atmosphere in our �Cephei model.

2.2. Fe I line formation region

The Fe I line at 5576.0883 �A is formed in an atmospheric re-
gion located between the photosphere (line wings) and a mass
zone between 84 and 95 (line core) depending of the pulsation
phase (see Fig. 3 of FGB). This region represents about 98%
of the mass of the atmosphere (3 10�6 M�) but only 20% of its
average radial extention which varies between 2 and 6% of the
stellar radius (64 R�). The contribution of each mass zone of
the line formation region to the emerging line intensity is not
constant. The ux contribution versus the formation depth and
the line pro�le wavelength is given by the so-called contribu-
tion function (CF). Up to now, the used CF assumed a static
atmosphere (see for instance Achmad, de Jager and Nieuwen-
huijzen, 1991). Nevertheless, Albrow and Cottrell (1996) have
recently shown that the pulsational velocity �eld has an appre-
ciable e�ect on the results deduced from static CF and that the
calculation of the relevant CF was extremely CPU time con-
suming. Consequently, hereafter in the framework of our semi-
quantitative approach, the FWHM part of the line is simply
assumed formed around the mass zone number 80, correspond-
ing to about the middle of the LFR. We have checked that the
results deduced in this paper are weakly sensible to a plausible
choice of this mass zone number.

3. Available turbulence models

We have �rst restricted our present study to limiting cases
where the dissipation is negligible or have not the time to act
on the ampli�cation mechanism. This approach is called \rapid
distortion theory" or RDT. Moreover, observations show that
two cases Mt � 1 and Mt ' 1 can occur during the pul-

sation. Mt � u
0

=cs is the turbulent Mach number, u
0

is the
scale of velocity uctuation and cs the sound velocity. Mt � 1
corresponds to the case where the divergence of the uctuat-

ing part of the velocity is negligible (u
0

ii ' 0) i.e., we are in
the so-called \incompressible turbulent regime". The second

turbulent regime (u
0

ii 6= 0) takes place when compressible ef-
fects become appreciable and especially, when the compression
is strong, a very simple limiting case occurs; it is called the
\pressure released regime". Indeed, in the intermediate cases
the solution is quite complex because the initial spectrum must
be speci�ed precisely and if necessary a correct modelling of
the dissipation must be proposed.

3.1. Incompressible turbulent regime (Mt � 1)

3.1.1. k-� model

Firstly, we examine the \coarse" two-equation model called k-�
for two reasons. One is to obtain an estimation for the kinetic

energy ampli�cation in order to degrade the model to the case
of a rapid distortion. Secondly, the Coleman and Mansour ver-
sion (1991) have put into evidence some dependency of the

dissipation on the temperature for an adiabatic spherical com-
pression. Using the same idea, has the dissipation a reasonable
behaviour in a non-adiabatic process such as the pulsation of
atmosphere of a Cepheid star? The following formulation is an
adaptation of the Coleman and Mansour version to the case of
a non-adiabatic mean ow. This allows to evaluate the ampli�-
cation of a compressible homogeneous turbulence submited to
a spherical compression, with mean pressure and temperature
only time dependent.

The turbulent kinetic energy k is de�ned by

k � 1

2

�u
0

iu
0

i

�
(1)

where u
0

i corresponds to the velocity uctuations in a density
weighted average (Favre average). The equations of the tur-
bulent kinetic energy k and the evolution of the dissipation �

write (see Appendix A)

dk

dt
= �2

3
Dk � � (2)

d�

dt
= �

h
1

3
D+ n�

i
��C2

�2

k
: (3)

where n is a constant characterizing the interaction force
between particles of the gas (n = 1=2 for a perfect gas),
C2 = 1:92, D � �dln�=dt and � � �dlnT=dt. This system
of equations constitues the k-� model.

If during compression the dissipation is negligible com-
pared with turbulent energy production, the following con-
straint called condition of rapid distortion is satis�ed���Dk

�

���� 1: (4)

This parameter is of the order of the initial ratio between the
average life time �turb of an eddy (cascade time) and the time
D�1 characterizing the rapidity of the variation of the mean
�eld���Dk

�

��� � �turb

D�1
: (5)

By de�nition the condition Eq. (4) is satis�ed in RDT. In the
limiting case where jDk=�j is in�nite, the second term of the
right side of Eq. (2) and the third term of Eq. (3) are zero, and
the equations are not coupled anymore

dk

dt
= �2

3
Dk (6)

d�

dt
= �

h
1

3
D+ n�

i
�: (7)

So the k-� system can be analytically solved

k(t) = k(t0) exp

�
�2

3

Z t

t0

D(t
0

)dt
0

�
(8)

�(t) = �(t0) exp

�
�1

3

Z t

t0

D(t
0

)dt
0 � n

Z t

t0

�(t
0

)dt
0

�
: (9)

Because D(t) = � d ln(�(t))

dt
and �(t) = � d ln(T (t))

dt
, we obtain
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k(t) = k(t0)�
2=3 (10)

�(t) = �(t0)�
1=3

�
n

(11)

where � � �(t)=�(t0) is the density ratio and � � T (t)=T (t0)
the temperature ratio. Note that in a non-adiabatic compres-
sion (this case), the dissipation is smaller than that in an adi-
abatic case because T < Tadia. Thus, from Eqs. (10) and (11),
it appears that the dissipation is not strongly a�ected either
in adiabatic or non-adiabatic cases if the dependency of dissi-
pation on the temperature only occurs through the molecular
viscosity (see Appendix A). If we suppose that the mean move-
ment is a periodic pulsation (compression and expansion), then
the density �, the turbulent energy k and its dissipation rate �
are periodic fonctions. Equations (10) and (11) are only valid
during the time interval of the order D�1 characterizing the
variation of the mean ow. In fact, we will apply these equa-
tions over a pulsation period which is of the order of magnitude
of D�1.

3.1.2. Solenoidal RDT

Because for Cepheid stars, the curvature radius is very small,
we assume that the atmospheric distortion is not locally spheri-
cal but practically axial. Thus compression must induce a pref-
erential ampli�cation direction i.e., we cannot assume that the
turbulence remains isotropic during the compression. In the
anisotropic case, in order to evaluate the importance of the
ampli�cation in the framework of a rapid distortion we use
the model of Jacquin, Cambon and Blin (1993, hereafter JCB)
which consider an adiabatic homogeneous axial compression.
They show that the ampli�cation of the turbulent kinetic en-
ergy is limited by two analytical solutions. The �rst one called
\solenoidal" is obtained when Mt � 1. Note that because the
RDT applies and���Dl

cs

��� ' ���Dk

�

���Mt (12)

where l=cs is the time of the propagation of a compression in an
eddy of size l, we have also the condition of incompressibility
jDl=csj � 1 as used by JCB. For an initial isotropic turbulence
these authors �nd again the relation

k(t) =
k(t0)

2

 
1 + �

2 tan
�1
p
�2 � 1p

�2 � 1

!
; (13)

already obtained by Ribner and Tucker (1953). This relation
gives the minimum ampli�cation associated to an axial com-

pression.

3.2. \Pressure released" regime

The second limiting solution (called by JCB \pressure re-
leased") represents the upper limit of the ampli�cation pro-
cess. It occurs when the parameter Mt > 1, which can also be

written in the case of rapid distortion jDl=csj � 1. This case
takes place when the compressibility becomes important i.e.,

when one neglects any inuence of the uctuating part of the
pressure. The result is

k(t) =
2 + �2

3
k(t0): (14)

This expression was obtained by JCB in the case of a rapid
axial compression, but to allow an analytical treatment they
suppose an homogeneous turbulence and an isotropic initial
turbulence. But for a normal shock (inhomogeneous medium),
this expression was also directly obtained by Debi�eve, Gouin
and Gaviglio (1982) and Debi�eve (1983) who consider the dis-

continuity of the Reynolds stress tensor Ri;j � u
0

iu
0

j with an hy-
pothesis of zero pressure uctuation. Thus, whereas the RDT
predicts a continuous increase of k proportional to the density
ratio � in the incompressible turbulent regime, we have a faster
ampli�cation (proportional to �2) in the \pressure released"
regime.

The ampli�cation factor k(t)=k(t0) of the turbulent energy
given by Eqs. (10), (13) and (14) only depends on the initial
and �nal average densities of the gas (� � �(t)=�(t0)) and not
on the evolution of � between the initial and �nal times. Thus
these ampli�cation factors are not inuenced by the shape of
D(t).

4. Turbulence ampli�cation

High resolution spectroscopic observations of �Cephei { more
precisely, measures of the FWHM of the Fe I line ��5576.0883 {
have recently permit to Gillet et al. (1997) to determine a high
time resolution turbulence curve. They show that the turbu-
lence energy ratio kmax=kmin at maximum increases by a fac-
tor around 10{15 at the minimum stellar radius i.e., during the
maximum atmospheric compression. In addition these authors
show that compression waves and shock waves also produce
a turbulence increase (see their Fig. 2b) but of smaller ampli-
tude. Thus two ampli�cation mechanisms must be considered
to explain the observations. The �rst one would be the conse-
quence of the global atmospheric compression and is discussed
in Sect. 4.1 while the second must be due to the passage of a
(shock) wave in the atmosphere where the spectral absorption
line is formed (see Sect. 4.2).

We have no direct informations about the mean size l of
turbulent eddies and, consequently, on the spectral distribution
of turbulent kinetic energy among the various eddies. Never-
theless, if the RDT criterium is assumed valid then we can
estimate the typical limit size of the relevant eddies. Indeed,

because k ' u
02 and � ' u

03=l, the RDT criterium Eq. (4)
writes���Dk

�

��� � ���Dl

u
0

��� (15)

where D is given by the mean ow conditions deduced from the

pulsating model and the turbulent velocity u
0

is estimated from
the observations (between 2 and 8 km/s for �Cephei, Gillet et
al. 1997). Thus, depending of the found l-value with respect
to the atmospheric thickness for exemple, we can test the ap-
plicability of the RDT. It is also interesting to recall that, for
jDk=�j � 1, the turbulence ampli�cation already reaches its
maximum possible value while smaller values of jDk=�j neces-
sarily give a weaker ampli�cation.

An interesting point is the e�ect of an anisotropic tur-
bulence over the measured turbulence i.e., over the observed

line pro�le. Since we have a preferential direction of the
gas deformation (the shock direction), the turbulence can be
anisotropic, i.e. the radial component of the turbulent energy
can di�er from the tangential components. In this case, the
di�culty is that the observed turbulence (on the line of sight)
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Fig. 2. E�ect of an anisotropic turbulence on the broadening of a
metallic line (Fe I 5576.0883�A). s is the anisotropy coe�cient which
is equal to -1, 0 and +1 respectively when the turbulence is tangen-
tial, isotropic or radial. V0 is the pulsational velocity and (�w=�w0

the ratio between the FWHM of the line when the turbulence is
anisotropic and isotropic respectively

is a combination of radial and tangential components of the
Reynolds stress tensor integrated on the half stellar sphere.
Only in the case of isotropy, the measured turbulence on the
line of sight is proportional to the turbulent kinetic energy. To
evaluate the relation between the measured turbulence and the
turbulent kinetic energy, we assume that each surface element
is characterized by the so called intrinsic intensity line pro-
�le which, if the Stark broadening contribution is negligible,
is taken Gaussian (see Appendix B). Figure 2 shows the line
broadening e�ect on a metallic line vs. the anisotropy coe�-
cient s with or without a mean dilatational (i.e. radial) stellar
velocity V0. �w=�w0 is the ratio between the FWHM of a
metallic absorption line when the turbulence is anisotropic and
isotropic respectively. s is the anisotropy coe�cient (see Ap-
pendix B) which is equal to �1, 0 and +1 respectively when the
turbulence is tangential, isotropic and radial. With conditions
de�ned in Appendix B, the departure from isotropy is less than
15% when �0:9 < s < 0:5 for V0 = 0 km/s, while it remains
smaller than 10% when a mean dilatational �eld is present
(V0 = 50 km/s). On the other hand, the anisotropic e�ect is

stronger when the turbulence is radially polarised (s > 0:5).
Thus it appears that this anisotropic e�ect noticeably decreases

with V0 i.e., it becomes weaker and weaker when the shock
Mach number increases. Consequently, we have not considered
this e�ect hereafter.

4.1. Pulsation without shock waves

We �rst study the turbulence ampli�cation during a compres-
sion in the unperturbed atmosphere of �Cephei without the
presence of waves. For this we choose the density evolution of
the zone number 80. However, we have to modi�es this evolu-
tion in order to eliminate all perturbations due to shocks. We
simply deduce it from the real average density pro�le given by
the pulsating atmospheric model (Sect. 2). Figure 3 shows these
both real and synthetic density curves. By chance no shocks
are crossing the layer 80 during the phase of minimum radius
(0:8 < � < 0:9).

Fig. 3. Density of the layer 80 vs. phase. The tree main shock waves
s1, s2 and s3, respectively at phases 0.72, 0.92 and 0.50, provoke
strong and rapid increase of density when they come into the layer,
which rapidly decreases when they leave (see FGB). The dashed
line represents the expected density variation without shocks. The
maximum at phase 0.85 corresponds to the minimum radius

The value of D rapidly varies between �2:5 10�4 s�1 up
to 8 10�5 s�1 around the minimum radius (0:7 � � � 0:95)
while outside this phase range the D-value remains very small

(� 10�5 s�1). Consequently, because u
0

is between 2 and 8
km/s (Gillet et al. 1997), the condition of rapid distortion
(Eq. (4)) needs to have eddies of size l � �Ratm=50 (atRmin)
and �Ratm=2 (at RMax) where �Ratm is the atmospheric
thickness. Eddies of this dimension are problably at the upper
limit of the reality. On the other hand, the condition of incom-

pressibility jDl=csj � 1 is valid when l � �Ratm=50 (atRmin

and �Ratm (at RMax) because the sound velocity is between
6 and 7 km/s depending on the pulsation phase. Finally, here
we consider that the use of the ampli�cation formula (Eqs. (10)
and (13)) are at the limit of their applicability.
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Fig. 4. Observed and predicted ampli�cation factors k(t)=k(t0) vs.
pulsation phase. Theoretical curves are obtained for the case when
no shocks are present in the atmosphere. The continuous line shows
the result obtained by Gillet et al. (1997) based on the observa-
tion of the FWHM of the Fe I line at ��5576.0883 and a non-linear
non-adiabatic pulsating model. The dotted line corresponds to the
k-� model (Eq. (10)) and the dashed line to the solenoidal RDT
(Eq. (13)). Note the breakdown around the phase 0.9 in the continu-
ous turbulence curve due to a numerical limitation of the pulsating
model

Figure 4 shows the ampli�cation factors for the k-� and
the solenoidal RDT models compared to observations. The k-�
approach predicts an ampli�cation 2 times smaller than the
observations at the ampli�cation maximumwhile there is only
a di�erence of 10% with the solenoidal one. This shows that

the anisotropic ampli�cation induced by the radial expansion
of the atmosphere must be taken into account. This adequate
result was not in principle expected because as assumed be-
fore, the incompressibility condition jDl=csj � 1 breaks down
when the turbulent Mach number is close to unity as around
the minimumradius (phase 0.85). Moreover, following the same
applicability conditions, these two approaches are well adapted

around the maximum radius (phase 0.37) where u
0

is minimum
(2km/s). We can see from Fig. 4 that they give the same am-
pli�cation in the phase interval 0.0{0.6 (di�erence smaller than

1%). Thus the ampli�cation remains isotropic up to an ampli-
�cation of about 17%.

The FWHM of the observed peak appears larger in the
phase interval 0.76{0.83 while it is similar during the fast tur-
bulence decrease near phase 0.88. This is probably due to the
presence of the shock wave s3 which crossed the Fe I line for-
mation region during the phase interval 0.76{0.83.

4.2. Pulsation with shock waves

According to the result of Sect. 4.1, we have to take into ac-
count the propagating shock waves in the atmosphere and see
how the turbulent velocity is ampli�ed during local shock com-
pression. When a stellar shock wave is not strong i.e., when
the upstream Mach number is approximately smaller than 5,
we can expect that electronic degrees of freedoom of atoms are
not excited. In this case the shock essentially remains adia-
batic and the density jump � is limited by the classical relation
� � (+1)=( � 1). For instance, in a diatomic gas with rota-
tional degrees of freedom completely excited, � = 6, and if in
addition all vibrational levels are excited, then � = 8. When
electronic levels begin to be populated, then, in addition to the
adiabatic shock front, a radiative shock wake appears in which
the excitation and subsequent relaxation of internal degrees of
particles take place. The wake thickness is considerably larger
than that of the front. When the Rankine-Hugoniot relations
are applied over a region including both the shock front and
the radiative wake (i.e., the shock wake structure is not ex-
plicitly calculated), the density jump strongly increases due
to dissociation, ionization and recombination e�ects. In this
case the above jump relation is no longer valid and only the
Rankine-Hugoniot relations including the radiative terms pro-
vide the true density jump. For large Mach numbers (between
10 and 40 depending of the considered gas), the shock becomes
isothermal and the density jump is � ' M2. An estimate of
the thickness of a radiative shock wake is given by the cooling
time �c i.e., the time necessary for the shocked material to re-
turn to radiative equilibrium.With densities and temperatures
present into the atmosphere of �Cephei, �c is of the order of
1 s. This time corresponds to the upper limit of the compres-
sion time D�1

s induced by the shock. It is overestimated in our
pulsating atmospheric model because the numerical method
uses an arti�cial viscosity. Nevertheless, the predicted value of
the density jump far from the shock front is realistic because
it results from the conservation equations. Finally, for all type
of shocks (from adiabatic to isothermal), D�1

s < 1 s. Note that
from Fig. 3 (layer 80), the density jumps in shocks s3, s1 and
s2 are 2.7, 3.5 and 8.0 respectively. The upstream Mach num-
ber for s3 is around 2 and for s1, M > 6. Thus, s3 is certainly
adiabatic, s1 almost adiabatic and s2 certainly non-adiabatic.

With physical conditions occurring in the atmosphere of
�Cephei when shocks are present, the compressibility criterium
jDsl=csj � 1 is satis�ed if l > 1 km. This typical eddy size l is
very small compared to the atmospheric thickness, which is be-
tween 7 105 km and 2 106 km depending of the pulsation phase.
Consequently we can expect that we are always in the \pressure
released" regime in presence of shocks. On the other hand, be-

cause the turbulent Mach numberMt � u
0

=cs is 0:1 <Mt < 1,
Eq. (12) shows that we are in the RDT regime (jDk=�j � 1).
Thus we can consider that the dissipation is negligible and we
can apply the ampli�cation relation Eq. (14).

From Eq. (14), we must expect an ampli�cation of the tur-

bulent kinetic energy k=k0 around 3, 13 and 22 for s3, s1 and
s2 respectively. s2 crosses the Fe I formation region approxima-
tively at phase 0.92. Unfortunately Gillet et al. (1997) could
not predict for this shock any turbulence ampli�cation (Fig. 4)
due to a numerical artefact occurring between phases 0.89
and 0.94. Moreover, their spectroscopic observations giving the
FWHM-curve of the Fe I line (see their Fig. 1) do not show any
FWHM bump near phase 0.92. Consequently, because the ex-
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pected ampli�cation is very large (k=k0 = 22) and the time
resolution of the observations is very good, we can conclude
that an appreciable and short turbulence increase certainely
does not exist at this phase. For s1 a phase shift appears. In-
deed, the model gives 0.72 while observations suggest that it
occurs near phase 0.77 (Fig. 4). We interpret the noticeable
dissymmetry on the short phase side of the large peak centred
at phase 0.83 as the consequence of the shock s1. Although the
predicted turbulence ampli�cation (k=k0 = 13) is substantial,
a local bump is not observed within the FWHM curve. Gillet
et al. (1997), taking into account several signi�cant line broad-
ening processes taking place during this part of the pulsation
cycle, show that s1 induces a smaller ampli�cation, near 2. This
is several times weaker than the expected value from Eq. (14).
The weakest shock s3, which is also phase shifted from 0.50 to
0.65, gives an ampli�cation near 2.5 (Gillet et al. 1997). This
is consistent with the value of 3.0 predicted by Eq. (14).

Finally, it appears that the turbulence ampli�cation pro-
voked by a shock wave passage is well forecasted in the pressure
released regime by Eq. (14) only when the shock intensity re-
mains weak i.e., when the shock is not radiative. This equation
was obtained in the framework of the adiabatic hypothesis.
Consequently, it is not surprising that the calculated ampli-
�cation rate is overestimated in gases in which the radiative
energy becomes more and more predominant. Indeed, in such
a situation, the radiative ux term is no longer negligible in the
energy equation and we can expect from above results that it
plays a major role. This occurs when a large part of the gas
energy is stocked in the internal degrees of freedom of parti-
cles, contrary to all available turbulence models in which gas
particles are considered like hard spheres.

A result is that, in this case, a modi�ed theory of the tur-
bulence ampli�cation is required to explain the weak observed
ampli�cations when the shock compression is larger than 3.

5. Limiting case of very strong shocks

RR Lyrae stars are a famous group of radially pulsating stars
characterized by very strong shock waves contrary to classical
Cepheid stars such as �Cephei in which shock intensities re-
main moderate. For instance Fokin and Gillet (1997) put into
evidence the shocks with a �nal velocity amplitude between
120 and 170 km/s. With a sound velocity in the highest at-
mospheric layers around 7 km/s, the upstream Mach numbers
are between 17 and 24. Thus for this class of variable stars
we have a hypersonic gas, so the shocks are almost isothermal.
Consequently, we must expect that the turbulence ampli�ca-
tion would be very large because, for isothermal shocks, the
compression ratio is � ' M2. Note that other groups of pul-
sating stars such as BL Herculis, W Virginis and RV Tauri
stars also exhibit hypersonic shocks.

As discussed at the beginning of the previous section, a

shock wake is a hot and compressed region. It is much larger
than the (adiabatic) shock front. All numerous eddies of uid

particles and vortices which characterize the observational tur-
bulence traverse the shock wake. When the shock intensity is
weak, the downstream physical conditions remain moderate
and consequently the gas is weakly radiative. In these condi-
tions, the temperature and pressure in the wake are not large
enough to strongly dissociate and ionize atoms and molecules.
This is not the case when the shock intensity increases because

the gas is more and more heated and compressed. The unper-

turbed turbulent gas is characterized by an initial turbulent
spectrum depending of upstream physical conditions. Thus, at
the limit of strongest shock waves, we expect that the eddy dis-
tribution after recombination processes in the wake would be
only determined by the thermodynamical and hydrodynamical
conditions in this region. Finally this means that the turbulent
spectrum just after the radiative shock wake would not be in-
uenced by the upstream turbulent spectrum.

6. Conclusion

In this work we have assumed that the mean ow variables are
not strongly a�ected by the turbulence state of the gas because
we have always used the same \mean" atmospheric model. This
is certainly justi�ed as long as the amplitude of the uctuating
part remains moderated with respect to the mean value i.e., as
long as we are far from a \supersonic" turbulence.

In the case of a typical pulsating star (�Cephei), we
have shown that we can explain the turbulence ampli�cation
due to the global atmospheric compression. The solenoidal
RDT appears to give a better quantitative prediction than
the k-�model. Always in the framework of the rapid distor-
tion approach and in the limiting case of the \pressure re-
leased" regime, only turbulence ampli�cations by shocks in-
ducing a maximum compression rate around 3 are acceptable.
For stronger shocks, we obtain a considerable overestimation
of the ampli�cation. In other words, the available ampli�cation
theories of turbulence are valid for weak shocks i.e., for Mach
numbers approximately smaller than 2. What is the physical
reason of this ampli�cation limitation? Basically, the main ob-
vious di�erence between weak and strong shocks is the occur-
rence of the excitation of degrees of fredoom of particles. In-
deed, for stellar atmospheric gases, the excitation of atoms and
molecules take place for Mach numbers near 2. Consequently,
it seems natural to expect that the e�ects induced by radia-
tive terms into conservation equations are at the origin of the
observed limitation of the turbulence ampli�cation. The best
direction for future investigations is certainly there.

The linear model using to describe the turbulence takes
into account the presence of shock waves only through rapid
variations of the density. Nevertheless, it seems necessary to
understand the complex interactions between the gas and the
shock discontinuity. In addition to the above main e�ect (mean

ow compression), two secondary e�ects { the vorticity genera-
tion due to shock front curvature and turbulent kinetic energy
generation caused by the unsteady movement of the shock front
{ must be considered through the so-called linear interaction
analysis or LIA (Lee, Moin and Lele 1992). Ribner (1954) has
�rst proposed such a description of the turbulence ampli�ca-
tion but it was limited to a weak shock wave. It is based on
the adiabaticRankine-Hugoniot relationships. In atmosphere of
pulsating stars, the propagating waves are strong shocks (up-
stream Mach number larger than 5), thus they are interacting
with translational, electronic, vibrational and rotational states
of molecules of the gas. Consequently, an extension of the Rib-
ner theory to the non-adiabatic case must certainly be useful
to explain the turbulence ampli�cation in pulsating stars.

Jacquin, Cambon and Blin (1993) have investigated the
ampli�cation of turbulence in an axial compression in the

framework of the homogeneous rapid distortion theory (RDT).
Their linear and adiabatic approach only accounts for the mean
compression of the shock and consequently other secondary in-



8

teractions are ignored. A similar work was been done by Lee,
Moin and Lele (1992). It appears that RDT predicts a very
large turbulence ampli�cation at high Mach numbers (12 at
an upstream Mach number of 10), contrary to the Ribner's
LIA (limited to an ampli�cation factor of 2 by the use of
the density jump Rankine-Hugoniot relation). Direct numerical
simulations such as Rotman (1991), also show small ampli�-
cations because they assume that particles have not internal
degrees of freedoom i.e., the considered gas is adiabatic. This
is consistent with the LIA result because it uses the adiabatic
Rankine-Hugoniot jump conditions and assumes the adiabatic
gas. Finally all these results show that the problem of the inter-
action of isotropic turbulence with a strong shock wave cannot
be understood in the framework of these approaches.

An interesting test will be given by the limiting case of very
strong shocks. Indeed, it appears that the quantitative estima-
tion of the ampli�cation of the turbulence does not depend
of the upstream turbulence state. Observational comparisons
with some astrophysical stellar objects in which very strong
shocks occur will be helpful.

Appendix A: k-� model

The turbulent kinetic energy rate is given by the trace of the
product of the uctuation of the Navier-Stokes equations by
the velocity uctuations i.e., the trace of the Reynolds equa-
tions (see for instance Mohammadi and Pironneau 1994)

dk

dt
= �1

�
Fj;j +W +�+ P � � (16)

where Fj;j is shorthand for @ Fj=@ xj and

Fj;j � �u
0

ju
0

iu
0

i=2 + u
0

ip
0

�ij � fiju
0

i (17)

W � �
0

u
0

jp;j=�
2 (18)

� � p
0

u
0

j;j=� (19)

P � �(�ui=�);j�u0

ju
0

i=� (20)

� � �fiju0

i;j=�: (21)

fij is the viscous stress tensor

fij = �(uj;i + ui;j)� 2

3
�uk;k�i;j (22)

where � is the dynamic viscosity.
The di�usion term Fj;j is null in the case of an homo-

geneous turbulence because all statistical correlation terms
are invariant under translation. The pressure work term W

which represents the mean velocity-pressure interaction, is
equal to zero when the mean pressure is only time dependent.
The pressure-dilatation term �, which represents the velocity-
pressure uctuations interaction, is null in an incompressible
turbulence because the velocity uctuations are divergence-free

(u
0

i;i = 0). Although we have no real informations about this

divergence, we assume that u
0

i;i is weak enough when Mt < 1

to neglect �. Finally the two last terms P and � in the right
hand side of Eq. (18) are called, respectively, production (by
the mean ow) and dissipation (by viscosity) of the turbulent

kinetic energy. Note that the two pressure terms W and �
vanish in the limit of incompressible ow while all other terms
have analogs in the corresponding incompressible equation.

In the case of a spherical compression we have

(�uj=�);i = D�ij=3 (23)

where D is the compression rate de�nes by

D(t) � (�ui=�);i = �dln�=dt: (24)

Thus with all our assumptions, the equation of the turbulent
kinetic reduces to

dk

dt
= �2

3
Dk � �: (25)

A second equation describing the evolution of the dissipa-
tion � must be used to close the k-� model. In principle, the
exact equation for � can be obtained from the Reynolds equa-
tions but the �nal equation before modeling has more than
20 terms in its right side. Thus it is too complicated to be a
good starting point for modeling process but it is useful as a
guide in formulating the � one-equation model (see for instance
Reynolds 1980). An appropriate form for low Mach turbulent

number (u
0

ii ' 0) compressible cases (especially the spherical
one) and homogeneous turbulence is (Coleman and Mansour
1991)

d�

dt
= �

h
4

3
D� 1

�

d�

dt

i
�� C2

�2

k
(26)

where � is the kinematic viscosity. The �rst term corresponds
to the production by action of the mean ow, the second takes
into account the variations of � and the last expresses the dis-
sipation rate. A usual value for the coe�cient C2, adjusted ex-
perimentaly, is 1:92. If the speci�c heats are assumed constant,
the dynamic viscosity � of the gas is temperature-dependent

�(T ) = �(T0)
�
T

T0

�n
(27)

where n = 1
2
+ 2

s�1
speci�es the interaction force between

particles of the gas which is determined by the power law
Fint / 1=rs. The di�erentiation with respect to time of the
relation between dynamic and kinematic viscosities � = ��

gives

1

�

d�

dt
=

1

�

d�

dt
+

1

�

d�

dt
: (28)

We deduce from continuity equation d�

dt
= �D�, and from

d�

dt
= d�

dT
dT
dt

= n� 1
T
dT
dt
, that

1

�

d�

dt
= D+

n

T

dT

dt
= D� n� (29)

where � � �dlnT=dt. Coleman and Mansour (1991) have as-
sumed an isentropic spherical compression to modelling the

variations of viscosity. Here with Eq. (31), we are in a more
general case because we have taken the average temperature
of the atmospheric model which is not adiabatic.

Thus the �-equation becomes

d�

dt
= �

h
1

3
D+ n�

i
��C2

�2

k
: (30)
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Fig. 5. Metallic line pro�le (Fe I 5576.0883�A) for di�erent
anisotropy coe�cients s for a pulsational velocity V0 = 0km/s. The
ux is normalized to the s = 0 pro�le

Fig. 6. Same as Fig. 5 but for V0 = 50

Appendix B: E�ect of an anisotropic turbulence on a

line pro�le

For each point of the visible half stellar sphere, the observed
velocity (and consequently the Dopler shift) is constitued by
the mean radial expansion velocity V0, the radial and tangen-
tial turbulent velocities and the thermal velocity, projected on
the line of sight. For the observed velocity, we can construct a
probability density law considering that

- the two tangential components of the turbulent velocity v
0

tg

are isotropic and follow a normal law

- the radial turbulent velocity v
0

r also follows a normal law but
is independent of that of the tangential components

- the thermal velocity v
0

th is isotropic and follows a third inde-

pendent normal law. Note that the velocity v
0

th corresponds to
the thermal velocity in only one direction.
Consequently, the sum of all these velocity contributions will
be also a normal law. For one element of the emitting layer on
the half visible sphere, the probability density function of the
Doppler shift �� associated to the observed velocity V0 is

P (��) =
1p
2��

exp� (��� �)2

2�2
(31)

with

�
2 �

�
�0

c

�2
[(v

02
th + v

02
tg) sin

2
� + (v

02
th + v

02
r ) cos

2
�] (32)

and

� � �0

c
cos � V0: (33)

� is the angle at the center of the star between the considered
point at the stellar surface and the line of sight. �0 the labo-
ratory wavelength of the considered absorption line and c the
light celerity. We consider that the probability density of ��
(Eq. (31)) is proportional to the speci�c intensity of radiation
I at ��. Thus the value of the observed radiative ux F at ��
of the center of the absorption line is obtained by integrating
the speci�c intensity I over the stellar half sphere of radius R

F (��) /
p
2�R2

Z �=2

0

sin �p
Q2(1 + s cos 2�)

� exp� (��� �0
c
V0 cos �)

2

2Q2(1 + s cos 2�)
d� (34)

where

Q
2 � �20

c2
2v

02
th + v

02
r + v

02
tg

2
=

�20
c2
q
2 (35)

is associated to the bidimensional turbulent energy in the line
of sight plane. s is an anisotropy coe�cient de�nied by

s � (v
02
th + v

02
r )� (v

02
th + v

02
tg)

(v
02
th + v

02
r ) + (v

02
th + v

02
tg)

=
v

02
r � v

02
tg

2q2
: (36)

s = �1, 0, +1, respectively, for tangential, isotropic and ra-
dial turbulence. Nevertheles, if the thermal velocity, which is
isotropic, is not negligible, these limits cannot be reached.
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The inuence of the anisotropy with a constant turbulent
kinetic energy Q2 on an absorption metallic line pro�le is pre-
sented on Fig. 5 without mean dilatational velocity (V0 = 0)
and on Fig. 6 with a velocity V0 = 50 km/s. To obtain these
pro�les, we have used a Q-value such as the temperature of the
emetting layer is 5000K and we have assumed that

v
02
tg + v

02
r = 2v

02
th (37)

which seems typical in the atmosphere of �Cephei. We have
forced the limit s = �0:99 to illustrate the behavior of the
spectral line pro�le. The departure to the gaussian pro�le in-
creases with the dilatational velocity V0. The e�ect of a turbu-
lent anisotropy on the line broadening is shown on Fig. 2.
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